PACS. 71.10.Fd -Lattice fermion models (Hubbard model, etc.). PACS. 71.10.Pm -Fermions in reduced dimensions (anyons, composite fermions, Luttinger liquid, etc.).
where c † i and c i are creation and annihilation operators at site i, respectively, and ij means nearest neighbors. In this paper, we consider only the limit of zero temperature and V /|t| = ∞, so that neighboring fermions are forbidden, and t ≡ 1 is the only energy scale. The maximum allowed filling fraction is n = 1/2, where there are two possible "checkerboard" states [9] . To make a well-defined situation, we assume a finite system with periodic boundary conditions having dimensions L x × L y , where L x is even and L y is odd. This forces an odd number of domain walls (which must be stripes) running in the x-direction. These domain walls are composed of 1/2 of a hole per column and we call them stripes. This model has been studied by ED for spinless fermions and hard-core bosons, and the stripes were shown to be stable against phase separation, for fermions [1, 2] . When the number of particles is L x (L y − 1)/2, only one stripe is allowed. If we remove a few more particles (less than L x ), it is energetically favorable for the holes to attach to the stripe, since holes off the stripe can only form confined droplets [9] . From here on, we reserve the term "hole" for additional holes beyond those needed to create a stripe. In the case of a single undoped stripe, the boson and fermion models possess the same energy spectrum [2] .
On an undoped stripe, hops of particles are equivalent to stripe fluctuations (see fig. 1 ). If we define the stripe height y(x) to be the mean of the y coordinates of the first particles above and below the stripe, in column x, we can map the up and down steps of the stripe height to "spins" in one dimension by defining s(
The corresponding Hamiltonian is the one-dimensional spin-(1/2) XY Hamiltonian
where S + i , S − i are spin-raising and -lowering operators. This model can be solved by the Jordan-Wigner transformation, in which we replace each up-spin by a spinless fermion, and each down-spin by an empty space. The Hamiltonian is replaced by a non-interacting hopping Hamiltonian for the fermions. Thus, the ground state of a horizontal, undoped stripe is equivalent to that of a (one-dimensional) half-filled sea of free (spinless) fermions with dispersion (k) = −2 cos k. From this, the ground-state energy, for large L x , is
This implies the chemical potential of the stripe is µ stripe = −4/π, since half of a particle is removed per unit length of a stripe. In a more general case, we may force a stripe with some overall tilt by replacing our rectangular boundary conditions with (
In that case the spin chain has total spin b, mapping to 1D fermions results in N = (L x + b)/2 fermions and the ground-state energy is [2, 10] . Note that a diagonal stripe (b = L x ) has zero energy, as there are no allowed hops.
One hole on a stripe. -If an additional hole is added to a stripe, the energy is lowered due to the hopping energy of the hole along the stripe. We define the ground-state energy difference ∆ ≡ E hole −E stripe , where E hole , E stripe = (Lx) 0 are ground-state energies of a stripe with a hole and an undoped stripe, respectively. For stability of a stripe array state, we must have ∆ > µ stripe ; otherwise, doping would add holes to existing stripes, probably forming a phase-separated droplet. To obtain a variational bound for ∆, we will make (below) an approximation by using a subset of the Hilbert space.
Once a single hole is added to column x of the stripe, the stripe height difference in the two columns adjacent to the hole can take values of 0 or ±2 rather than ±1, i.e. s(x), s(x + 1) ∈ {0, ±1} (see, for example, figs. 2, 3). Thus, we get a pair of "spin-1" impurities on both sides of the hole, at positions x and x + 1 on the spin chain. This looks like a Kondo model with two mobile impurities, that are bound together. Similar systems, with t-J Hamiltonian and mobile spin-(1/2) impurities in a spin-1 chain, have been the subject of theoretical study, as a model for the charge transfer insulator Y 2−x Ca x BaNiO 5 [11] . However, our model is quite different from those, because the hopping matrix is quite elaborate, reflecting the allowed moves in the original stripe.
In order for our variational scheme to work, we need to separate the "hole degrees of freedom" from the "stripe degrees of freedom". To make this separation apparent, we find it more convenient to introduce a different, equivalent notation, in which the stripe and the hole are represented by a one-dimensional spin-(1/2) chain of length L x ≡ L x − 2, with three additional "particles": a hole (represented by a dot), that marks the position of the hole in between two spins, and two "brackets" (right and left), each taking the place of a spin. If s(x + 1) = 1 (−1), then the right bracket takes the places of the first down-(up-) spin to the right of the hole, and s(x + 1) is set to 1/2 (−1/2). If s(x + 1) = 0, the right bracket is placed in position x + 1. Similarly for the left bracket and s(x). Note that the total spin is preserved by this mapping. For example, if we use a double arrow to denote s(x) = ±1,
If stripe fluctuations occur in the vicinity of the hole, it might become stranded, i.e. isolated from the stripe, as in fig. 2 . However, we observe that in the ED ground state of ref. [2] , the probability for this to occur is negligible (about 0.03 for an untilted stripe and less than 0.01 for a tilted one). Thus, in the following discussion we suppress hops that lead to the stranded state. Under this assumption, the spin chain is free to fluctuate only outside the brackets. Each of the three additional "particles" can hop by one step freely, as long as all of the spins between the hole and each of the brackets are in the same direction, and as long as their order is preserved (i.e. they do not hop across each other). This mapping can be shown to be exact. The Hamiltonian for the hole on the stripe in this model can now be broken up: 
where
and zero otherwise, and denotes a sum only on sites that are outside of the brackets (i / ∈ [x − l, x + r]). We have thus obtained that, using the mapping, the coupling between the hole and spin degrees of freedom seems to be limited to the interval between the brackets. Therefore, it is natural to construct a variational wave function by starting with a complete decoupling between the hole and the stripe, and project out the "illegal" states, in the spirit of the Gutzwiller projection.
Motion of a hole on a stripe. -In order to examine the motion of a hole on a stripe, we find it instructive to represent the various states of the stripe by a state graph [2] , which is defined such that each node represents a state and each line represents an allowed hop between states. In order for the hole and brackets to shift by one position, in this model, three individual hops are required (see, e.g., fig. 3 ). Generally, it is clear that the allowed hole and bracket moves depend on the background stripe configuration. The simplest possible motion is when each of the brackets does not stray more than one position away from the hole, thereby eliminating any dependence on the stripe. This motion can be represented in the state space by the solid lines in fig. 4 , and we refer to it as the "main path". Depending on the local tilt in the stripe (runs of spins in the same direction), the available states are increased. In the extreme case, if the stripe is a 45
• diagonal, then the hole and brackets can be treated as three non-interacting fermions and their energy is lower than in the untilted case. This implies that the hole prefers the stripe to be locally tilted around it. However, the spin chain loses energy by having a region where all of the spins are the same, since no spin exchange is possible there. We would expect the interplay between these two competing effects to result in a small tilted region ("kink") around the hole. This has indeed been inferred from ED of ref. [2] , and is one of the phenomena that we look for in our solution for this model.
Examining the motion of a single hole on a stripe, we find that any sequence of moves that returns the system to its original configuration involves an even permutation, except for hole hopping around odd boundary conditions [12] . This implies that for even or infinite L x , the boson and fermion spectra are identical.
Variational wave function. -In order to calculate the hole spectrum variationally, we introduce a projection operator P αβ lr (x) acting on states of a spin chain of length L x , to the sub-space where all of the l spins at sites [x − l + 1, x] are in direction α, and r spins at positions [x + 1, x + r] are in direction β (α, β ∈ {↓, ↑}). P αβ lr (x) annihilates states that are not in this subspace. We define an orthonormal basis set: 
which is independent of x. We used i) [
Note that when l = 0, α is undefined, so in order to generalize the notations, we arbitrarily set α =↓ when l = 0 (P ↑β l=0,r = 0), and similarly for r, β. We definedδ between states, the Hamiltonian is a 221 × 221 matrix. We find the ground state and groundstate energy of this Hamiltonian as a function of L x , b, and k. Increasing the variational basis set to up to l + r ≤ 13 results in a relative change of less than 0.1% in ∆ for the maximum overall tilt presented here, and less than 10 −14 for zero tilt. In our calculation, we take into account the fermion statistics only by adding a phase to hole hops in (finite) odd boundary conditions. This is justified because these are the only moves that can induce an odd cyclic permutation of the particles [12] . Figure 5 shows the ground-state energy difference ∆, as a function of the overall stripe tilt. We obtain ∆ = −0.29 for an (infinite) untilted stripe. As the stripe tilt is increased, both the energy of the undoped stripe, E stripe , and E hole increase, because stripe fluctuations are reduced. However, the difference ∆ decreases, because the hole's kinetic energy is enhanced by the additional tilt. Figure 6 shows ∆ for finite system sizes, compared to respective ED results of ref. [2] , and their extrapolation to L x → ∞. The variational energy is, of course, an upper bound to the true energy of the system. In the ED of ref. [2] , E hole was minimal for stripes with slightly tilted boundary conditions (b = 2 for even L x , b = 3 for odd L x ). This suggested that the hole tends to bind to a kink in the stripe in order to increase its kinetic energy, at the expense of stripe fluctuations, forming a polaron. In our variational calculation, we observed the same effect for small system sizes (up to L x ≈ 10); however, for 
